We present some results of the application of optimization techniques to experimental data for the determination of the effective bending stiffness of cross-sections of reinforced concrete (RC) structures. The objective is to determine parameters of unstressed sections for the correct computation of the displacements of these structures and possible applications on structural failure theory. The experimental data from tests with 30 and 40 m long RC telecommunication towers, having circular cross-section with 50 cm diameter for the 30 m structure and 60 cm diameter for the 40 m structure, are used. For cross-sections along the axis of the structure, the effective stiffness equation is derived. To accomplish the structural analysis, the structures are discretized and the differential equation of the elastic line integrated to obtain the rotations and displacements. Optimization problems are defined so that the objective functions are the approximation errors, while the design variables are the coefficients of the effective bending stiffness equations of the cross-sections. Two different formulations are used to compute the effective stiffness. The first one gives one equation for each node section and the other formulation provides only one equation for the whole structure. The effective stiffness is presented in graphs as function of a ratio between the characteristic bending moment and the ultimate moment of the cross-section. The sections where the largest stiffness loss are obtained were the sections that indeed collapsed in real similar structures. Directions for future research are presented.
Introduction and Motivation
One of the pertinent verifications in structural design is to check if the computed displacements are inside certain limits specified by codes. In RC structures, in function of the specificities of this product, such as cracking and cross-section stiffness reduction, this calculation becomes sometimes imprecise and, in those cases, the installed structures may undergo displacements that are larger than the predicted design displacement. In structural design, the cracking phenomena in RC structures are interpreted as a physical nonlinearity. In other words, the stiffness depends mainly on the bending moment value.
As a contribution to the studies found in literature on the determination of effective stiffness in RC cross-sections, we present two different formulations to compute the effective bending stiffness of RC telecommunication tower as function of the bending moment value in a certain section. The methodology of this work is based on comparing the displacements measured in experimental work in sample RC structures with numerical data obtained integrating the elastic line. The quadratic error between the real measured and those provided by the elastic line integration is minimized using optimization techniques. The objective function is the quadratic error, while the design variables are the coefficients of trial effective stiffness equations for each section. Constraints are imposed on the maximum and minimum values of the effective stiffness.
As a consequence of our study, it may be possible to forecast more precisely the displacements of the RC beams. Possible applications of the results are also in prediction of structural collapse and nonlinear structural analysis.
A Brief Review of Literature
The two main tools to be used in this work are concepts of RC structures design and optimization techniques. For the RC analysis we adopt usual Brazilian methods, as presented by Brazilian National Codes NBR-6118-03 (ABNT [3]). A review of the specialized literature indicates that the effective stiffness of a RC cross-section of a beam depends on the bending moment value, as well as the arrangement of the reinforcement and the properties of material components. An equation proposed by Dan E. Branson in 1963 (Branson [6] ) for the calculation of the effective stiffness was incorporated in ACI-318-71 (ACI [4] ) and recently in NBR-6118-03 (ABNT [3] ). Several researchers and designers have used the Branson equation to compute the displacements of RC beams. In this work, inspired in Branson's, we present another formulation to obtain the equations to represent the effective bending stiffness as function of the bending moment, using optimization techniques.
With respect to the optimization process, we use the Augmented Lagrangian Method (Chahande and Arora [9] ). To render the constrained optimization problem into an unconstrained optimization problem, a Lagrangian functional is created. The objective and constraint functions are associated to Lagrange multipliers and penalty parameters. A sequence of Lagrangians is developed by properly varying the multipliers and penalty parameters. The minimum value of the Lagrangian function converges to the minimum of the optimization problem with constraints. In the cases analyzed in this work, the coefficients of the effective stiffness equations of the chosen cross-sections are the design variables for the error minimization problem. The error between the numerical and displacements measured in tests is the objective function, while the maximum and minimum values of the effective stiffness are the constraints. The line search algorithms we need to use in the process demand both the objective and constraints functions to be differentiable with respect to the design variables. In a certain stage of the calculation process, the method of the least squares is used (Arora [5] ).
Silva and Brasil [10, 11] and Brasil and Silva [7, 8] used optimization techniques to compute the effective bending stiffness of slender RC structures as function of the bending moment value was. They presented results of experiments performed in several sample structures. They defined optimization problems where the design variables were the coefficients of some trial effective stiffness equations. The objective function was the quadratic error between the displacements measured in the experiments and those given by the integration of neutral line equation. They solved the optimization problems and obtained the effective stiffness equations for several kinds of structures. They considered several different functions to represent the effective stiffness parameter such as polynomial and trigonometric equations. In a paper by Silva and Brasil [11] a nonlinear dynamic analysis based on experimental results of a RC telecommunication tower was carried out using the discrete dynamic model given by NBR-6123-87 (ABNT [1] ). First, they described some tests accomplished and results obtained for similar structures (Silva and Brasil [10] ). They considered two different equations to represent the effective stiffness parameter: one a linear one and another a cubic equation. Once the effective stiffness equations and other information are known, they accomplished a nonlinear static analysis, under the mean wind velocity, considering the effective bending stiffness as a function of the bending moment value in each iteration of the P-Delta method. Considering the effective stiffness obtained in the final iteration of the P-Delta method they applied the discrete model given in NBR-6123-87 (ABNT [1]) to accomplish the dynamic analysis considering the floating wind velocity. They considered that the structure, under the floating wind velocity, vibrates around the equilibrium position given by the mean wind velocity and P-Delta method. Finally, they computed the sum of nonlinear static and linear dynamic bending moments. They compared the values obtained from dynamic analysis with those obtained from linear static analysis and those obtained in experimental work. The displacement values obtained in the proposed dynamic analysis were up to 40 % lager than those given by a static linear analysis. The tests results showed that the cross-section ultimate moment is up to 40 % larger than that given by NBR-6118-03 (ABNT [3]). Table 1 for the 30 m long structure and Table 2 for the 40 m long structure. In those tables we have, in sequence, the sections numbering, the height above ground, the external diameter (φ ext ), the thickness (thick.), the total area of cross-section (A total ), the total longitudinal steel area (A s ), the total moment of inertia of crosssection (I total ), including the steel and concrete inertia, and the minimum value to be adopted by the parameter of effective stiffness w (w s ). The 30 m structure was designed and fabricated in three modules with lengths of 10 m for top module and 11 m for others ( Fig.  1) , while the 40 m was designed and fabricated in four modules with lengths of 10 m for top module and 11 m for others (Fig. 2) . Flanges installed at the extremities of them bolt these modules. Once the structural designs were known, an appropriate planning of the several tests was prepared. The tests had the objective to evaluate the structures at the utilization limit state and ultimate limit state. The following parameters were measured during the tests: applied loads; displacements; occurrence and opening of cracks; residual displacements. The tests were performed with the structures in horizontal position. Fig. 1 illustrates the test rig used for the 30 m and 40 m long structures. The tests for the 40 m structure were done in two stages: the first one with the embedment at 7 m from base; the second one with the structure without the top module and the embedment at 3 m from base.
Static loads were applied to the pole tip to produce bending moment and shear load along its axis. The loads were applied in the perpendicular direction to the structure axis. A stretched steel wire installed right above the structure materialized a fixed reference axis. Starting from the steel wire the displacements were measured at every 5 m of increment along the pole length. Movable supports were installed along the length of the structure to minimize forces due to self-weight and friction with ground. The structure supports were designed to a load three times larger than its Brazilian Code predicted ultimate load. The apparatus was also long enough to provide appropriate embedment.
Once the structure was appropriately installed, along with the systems of load application and data acquisition, the loads were first applied from left to right and then from right to left and so on (Fig. 1) . Loads were applied gradually and after their stabilization the measured parameters were read. The intensity of the applied loads started at 5% of the ultimate Code based top load and increased gradually along the test stages to reach the collapse load of the structures. The characteristics of the structures, as well as the parameters values measured in the tests, mainly those related to the displacements and applied loads, are used in numerical simulations later. The tests were performed in one stage for 30 m structure and, for the 40 m structure, in two stages: the first one with the embedment at 7 m from base; the second one with the structure without the top module and the embedment at 3 m from base. The loads applied and displacements measured in tests are shown in Tables 3 and 4 . Step 
Determination of Effective Stiffness

First Formulation -One Equation for Each Section
This formulation provides one equation for each section. So for one 30 m long structure, discretized in each one meter, it provides 31 equations. This formulation is very important because it can give information specifically about the behavior of one given section. For example, Silva and Brasil [10] and Brasil and Silva [8] showed that during a failure test in a 30 m long structure, the section that present the largest loss of stiffness is the section that really collapse when the structure failure occurs.
Consider the differential neutral line equation given by
where 
and v" i = v"(z i ) using the following integration scheme:
) ( ) ( " where h = z i -z i-1 . For each section z i we consider the value of the effective moment of inertia
where I(z i ) is the total homogenized moment of inertia (including concrete and homogenized steel) of the cross section z i , and w i is the portion of I(z i ) that will actually resist the bending moment at each section. The total bending stiffness is defined as EI(z i ), while the effective bending stiffness is EI EF (z i ). As I EF depends on z i and w i ,, from now on we will denote I EF (z i ,w i ). As a consequence, v i = v(z i ,w), where .
[ ] Step Load (N) Displacements ( Consider that the test described in Section 3 has been accomplished in a certain structure. During the test the real displacements v r (x i ) were measured in some m sections of the structure under a certain loading. The absolute quadratic approximation error between the displacements given by Eq. (2) and those measured during the tests is the sum of m terms:
We can formulate the following optimization problem. Determine w ∈ ℜ n+1 that minimize the objective function 
is the bending moment value in section z i . As we noted earlier, we accomplished this analysis for 30 and 40 m long structures. The loads were applied from right to left and left to right, according to Tables 3 and 4 . The structures were discretized in each one meter. Thus, the domains are 
we obtain the values of coefficients a, b, c and d. In Fig. 3 we show the tendencies obtained for the points of sections showed in Fig.  2 .
The results obtained for sections that resisted at least 0.8M u are shown in Table 5 , for the 30 m long structure, and in Table 6 , for the 40 m long structure. We considered the number 0.8M u because usually the structures are designed to work until this bending moment value and so using these data we can obtain the curves up to values that really happen in practice. There are cases when special overloads not foreseen in design happens, as, for example, the shock of a vehicle, leading to bending moments values larger than M u . It is very important to the designer to know the behavior of this kind of structures near to the failure, because he can explore this aspects to reinforce an existing structure, or to design a new structure.
One should note that the sections where the largest stiffness loss was numerically obtained, section 17 for the 30 m long structure, and section 2 for the 40 m structure, were the sections that indeed collapsed in the tests. It is possible that this analysis methodology may be used as a "warning" that a certain section is the most probable to collapse. The formulation presented here is very useful to analyze the behavior of one specific section, especially in failure prevention and maintenance of structures. As we will show further on in this paper, the computation of the structure displacements using this formulation is not as precise as the one showed in next section. Tables 5 and 6 are those between the w's curves and the w's values obtained from the optimization problem defined in equations (5) and (6) . So, this error is not the approximation error between the displacements measured in tests and those given by the integration of neutral line equation. In the next section, the error presented in Tables 7 to 9 are those between the displacements measured in tests and those given by the integration of neutral line.
Second Formulation -One Equation for Whole Section
Inspired in curves shown in previous section, we define some different optimization problems, in which we go straight to the coefficients of equations given in (8) . Now the coefficients of these equations are the design variable of optimization problems. In this formulation we do not need to compute the values of w, use least square method and obtain the values of a, b, c and d for each section. In the following algorithm we compute the coefficients of only one equation for the whole structure. It is easier to use in practice and, as we will see ahead, it gives us a more precise computation of the displacements.
The functions given in (8) represent the values of the effective stiffness parameter w = y = g(a,b,...,e). In the formulation presented in this section, the coefficients of these functions are the design variable of optimization problems, while the objective function is the quadratic error between the displacements measured in tests and those given by the integration of neutral line deferential equation. So we will define some optimization problems, based on three design variable vectors: 
Note that now for any section we have w = w(b,x jk ), where b is one of the vectors defined in (9) and x jk = M jk /M uj , where M jk is the bending moment acting on the j-th section at the k-th load step, and M uj is the ultimate Code based bending moment of the j-th section computed according NBR-6118-03 (ABNT [3] ) Brazilian Code. Using this definition, we consider now the value of the effective moment of inertia as
The quadratic error now is given by:
where is the numerical displacement, at the j-th section and at the k-th load step, computed using the effective stiffness given in (10) and the integration scheme given by (2) . The matrix v r jk is the experimentally measured displacement at the jth section at the k-th load step. For the 30 m long structure the matrix v r jk is shown in Table 3 , while for the 40 m structure this matrix is shown in Table 4 .
As we can see, the problem to minimize the approximation error (Eq. 11) consist of determining the vector b that gives the best approximation of the numerical displacements, matrix , with the real experimentally measured displacements, matrix v r jk . So, we can formulate the following optimization problem. Determine b ∈ ℜ l , where l takes the values according to b defined in Eq. (9), that minimize the objective function
subjected to constrains: The first optimization problem solved using this formulation was applied to the 30 m long structure. We solved the problem considering only the 30 m long structure data, given in Table 3 . For this structure we obtain the equations given in Table 7 , while the graphs of these functions are shown if Fig. 4a .
In the second optimization problem we considered only the 40 m long structure data, given in Table 4 . For this structure we obtain the equations given in Table 8 , while the graphs of these functions are shown if Fig. 4b .
The third optimization problem solved considered both the 30 and 40 m long structures. We found one solution that is the optimum considering the two structures. So we used data given in both Tables 3 and 4. The equations obtained are shown in Table 9 , while the graphs of these functions are shown if Fig. 5a . Putting in a graph (Fig. 5b ) the cubic equation solution for the 30 m long structure, for the 40 m long structure, and for both structures, we can see that the optimum of both structures lye between the two previous curves. At this point, some important questions are: should we consider the mean value equations given in Tables 5 and 6 (last columns), or one equation for each section (others columns)? How much would the error (Eq. 11) be? The performance would be better or worse than those presented considering equations given in Tables 7 to 9 ? We computed the displacements and the respective errors considering these several hypothesis. In case of both structures, for the sections that are not included in Tables 5 and 6 we considered the mean values of coefficients shown in the last column of those tables. It is important to remember that to compute the approximation error (Eq. 11) it is necessary to compute the structure nodal displacement for every load step and then compare these values with those experimentally measured. For both structures, the minimum approximation error (Eq. 11) was given by this second formulation, which is based in only one equation that represents all the structure behaviour. This procedure is much more efficient to compute the structures displacements. The errors given by the second formulation (Table 7 , 30 m structure -one equation for the whole structure) are up to 60% smaller than those computed for the 30 m structure, considering the first formulation (one equation for each section). The errors of Table 7 are also up to 40% smaller than those computed for the 30 m structure, considering the first formulation and using the mean value of coefficients of Table 3 (last column values) for the whole structure. Analysing the results of this work, we conclude that the quadratic equation shown in Table 7 provided the minimum error and consequently the best approximation of the effective stiffness for the 30 m structure. In case of 40 m structure, the cubic equation given in Table 9 provides the minimum approximation error and consequently the best approximation of the effective stiffness.
Based on the results obtained in this section, specific for the structures and tests analysed here, we can conclude that the second formulation presented here render a better approximation of the displacements values, than the first formulation presented in the previous section. The second formulation gives one equation for the whole structure, while the first one gives one equation for each section. While the second formulation gives a better computation of structural displacements, it does not provide information about on specific section, as the first formulation provides. If we are interested in reinforcing an existing given structure, probably the first formulation is more interesting to be used, while if we are interested in computing the displacements or in designing a new structure, the second formulation is more useful.
Others important considerations here are related to the elasticity modulus of concrete. In this work we considered E = 41.4 GPa, computed according to NBR-6118-78 (ABNT [2] ) Brazilian Code. This value is larger than values measured in tests, around 21 GPa, and larger than the value given by the revision of that Code, the new NBR-6118-03 (ABNT [3] ), around 31.9 GPa. Tests accomplished using the formulations proposed here showed that when we solve the optimization problem and compute a certain function w 1 (x) considering a given elasticity modulus of concrete E 1 and solve the problem again using another value E 2 , the new value of w is w 2 (x) = E 1 w 1 /E 2 , in other words, the quantity E 1 w 1 = E 2 w 2 = E i w i is a constant in the optimization problems solved here. In our case, the elasticity modulus measured in tests for the structures analyzed here is equal to 21 GPa, the coefficients a, b, c e d presented in this work must be multiplied by 41.4/21 = 2.0 to get the correct values of coefficients. In practice, it is not necessary to compute displacements again, because if we use the effective stiffness concept, as we noted earlier, the product Ew stays constant and final results are the same.
Conclusions
In this work we have presented experimental work conducted on two 30 and 40 m above ground long structures. Data from tests were processed using optimization techniques to compute the effective stiffness of sections. We determined relationships between the effective bending stiffness and the bending moment value in a RC section. We presented two different formulations.
The first one provides one equation for each section of a discretized structure. This formulation can provide information specifically about one given section, and it makes possible to predict what section will probably collapse during a possible structure failure and what section is necessary to reinforce in case of existing similar structures reinforcement.
The second formulation presented here provides one equation that represents the behavior of the whole structure. This formulation is better to predict the displacements that will happen in a certain structure under a given loading and it is very helpful to compute correctly the displacements and, in case of designing a new structure, to predict the future behavior of a similar structure.
In both formulations, we used three different equations to represent the effective bending stiffness parameter. They are linear, quadratic and cubic equations. In most cases analyzed here the cubic provides the smaller approximation error, but the coefficients of the equations vary considerably from one type of structure to the other, or from one section to the other. Among these equations, the linear one usually provides the largest approximation error but the values of coefficients do not change much from one structure to other or from one section to other. We note that the equations for the 30 m structure, using the second formulation, is quite similar to the equations obtained for 40 m structure using the same formulation.
The conclusions presented here are based on the analysis of two 30 and 40 m long structures. These structures are flanged structures and, near to the flange, there are large concentrations of steel, what can make this kind of structure stiffer than others non flanged RC structures.
We suggest for future works to analyze several kind of structures, flanged and non flanged, to identify standard equations for each kind of structure. Additional suggestions for future work are: i) explore some aspects related to the theory of structural failure, searching for a relationship between the sections where the largest losses happen and the sections that indeed collapsed in real similar cases; ii) in the experimental work, study the influences of the structure self-weight, the friction between the movable supports and steel plates on which they are mounted on and the stiffness of the structure support in the results obtained; iii) define an optimization problem to minimize the cost of a Telecommunication Tower; use several different kind of
w's equations and analyze the sensitivity of the final design related to the coefficients of w's equations.
